
 

Bonnett 800 Now bogey
coat understanding homology of produitofspacesfromtheir

individual homologies

PartliCWlomplexesmmmmmm

If X Yarecwcomplexes thenXY is aCWcomplexsit CIXY CEYX CITY

Note needtofirstdefinetensorproduct ofchaincomplexes

Given chaincomplexes E andD candefinetheir tensorproduct C D z
E Dn where C Dn pnlpbe

with a boundarymapgiven
bY.p.gg e D p.tnfi
dotaxb taxb a a 2b

MegshouldverifythatJo isactually a boundarymapthatis 250 Worksoutbleofsigns

d a b j da b 1 a 2b Jaybtf1 da2b 1 da2b ipafb
O

Toprovethetheorem nothard toseethat XxY is a CWiomplex with ntells consistingofejxepi for ej inX
eft inY So nskeleton is XY n E XxY
Toseethat C XX C x 0City define CIN xCIN CIXxvi

aÉIÉÉ inn
x isclearlybilinearso induces amap CIWX Ily Is CIXX

EL Ep ejxept Injeitivity surjectivityareclear

needtoshowthatthecellularboundarymap CYXxY I Cn'tXY satisfiesthesameLeibnizruleas 20
that is 2estep de'sxep G e xde forproduitcell in CnnXX
Thisishard Weknowhoweachcellis attachedtoX Y explinitly butdifficult to understandtheattachingmapofthe
product



LLCrossProductMaponsingularchaincomplexesummmmm

henX YarenotCWcomplexes wedon'thave an obviousmap X C y xx
Wealsodon'thavean isomorphism anymorebutwe dohavea chainhomotopyequivalence

Weshould define a crossproductmap x andthenan inversemap0 C NY X Cly suchthat
of ideaxx and Fox idea ay wherethehomotopyequivalences are chain homotopy equivalents i.e

hereexists a sequenceofmaps ID CXY CnnXxvi suitthat Dm02 doDn id xof
landasimilarconstructionforFoxCnXx Is Cn XX

f of id f
CnXY s CXx

Since chain homotopyequivalent chaincomplexes have isomorphin homology such a constructionwould induce

HnXx e HnCtx CAY forall n

andthenourtaskwouldbetoanalyzethe singular homologyofCKX Y
Naturalquestion Is HnCCX CaYl I Hix Haiy We'llseelaterthatingeneral theansweris Y

Step Define x C X x CY XX
Shihthat
i x is 2 bilinear henna induceslinearmap G X Cali C XY byuniversalpropertyoftensorproducts

Iiit boundarymaponCaXxY commuteswiththatoftensorproduit ie

d axb Jaxb t f1 at axJb
iii tossproduit is natural if fX X gY Y are maps atGx beGM then

f a x9 b fig agg y
where fig is the

cartesianproductof

mapsXY X xy
Epix TGy

IggyTax'xy



liv normalization given X yay viewed as Osingularsimplines
define j Y XY

Y Ay
Ly X Xxy

x ixy

if beCali define Cyxb jx b if aeCpX define axCy ly la
shTouldliein shouldlie

CqXx in CpXxY

Construction Weionstruitthismapinductively on ptgn
When pOougo we're donebyCiv normalization So pg 10,0 is dine

Suppose ptg1 w pOq1 Define C lx C14 s C xxy
Eaixi xb's ailjxi b

888DoesthedifferentialsatisfyLeibniz d xxb shouldintuitivelybe xxJbandindeed dlxixb dHit bl
r fix db

issnatch map XixJbSimilarstoryholdsforpl 90 commuteswith
boundary

Nowsuppose a map satisfying lil liv is ion
struttedforptg n t

Weneedtodefine ext CpgXxvi for reCpX TeCqX with ptgn

Real SECpX means r is a linear combinationofsingular psimpliceson X whichare continuous maps
fromthestandard psimplex A X Without lossof generality we mayassume rand I are

themselve

singular simplies so r A X T AE Y andthen extendthe crossproduct definition bilinearly

IfIt'stemptingheretodefine ext asthecartesianproduct ext DxD XY Butelements ofCptqXY are
linearcombinations ofmapsApte XxYandwhileAxDgoneD't thereisnocanonicalidentificationofthetwoThusweneedtoappeal toanotherstrategy

Strategy Usenaturality Wehave thepsingular simplex p D D e CpD which is simplytheidentity
Wesimilarly have LaA D Now r r lip e Cpx and e I ka thisis prettytautologial

asda
mapCpAP CpX

butnaturalitytellsusthat if we define Ipxlg as anelement ofCpgDxD then Txt Ext peg
cartesianproductof
themapsout x
and I D Y

Thussufficestodefine pxlq Thetrickhere istonoticethat DxD is contractible hencehastrivial reducedhomologygrow
soallcyclesare boundaries
eoutlinetwowaystodefine pxLq
Method 1 AcyclicModels

If Ipxlgweredefined weknowwhatit'sboundary shouldbe d Ipxq dipx lat fi Ipxdig
Notethattherighthandside is a welldefined element of Cn DxD bytheinductivehypothesis



Wecanactuallycheckthattherighthandsideof diexla isa cycle d depth f1 Cpxdy 0 seeabove

computationfor 7 0 Thus depth t fitIpxdog is awelldefined elementof Hn dxp O for n 2
andwemay

assume na2 since weexplicitlyconstructed thebasecasesof no na
Sodipl t fiPepxdigisactuallytheboundaryofsome

element BECnA'xD andwecandefineIpxlgtobe
this B Notethatthere isa non canonical choice beingmadehere sinkintheorythere

couldbe several pforwhich

dpgivesdipl t fitIpxdig
Now 5 2 6 2 Ipxq andweverifythattheboundarymapworks as expected

d ext dext Ipxla
Txt dIpxq chainmaps

iommutewithboundaries

oxT depxLetG Ipxdig
Txt depxly 11 ort Ipxdig linearity

FdepxTka 11 r Cp x T dy naturality inthecaseofptgen l byinductive hypothesis

daKp T la C1 r p xde La chainmaps
iommutewithboundaries

doxI t fi oxde O

Method2 ExplicitConstruitionvia Eilenberg ZilberChain duetoEilenberg MacLane descriptionappears in1940paper
byEilenberg Moore

Goalistotriangulatetheprism findsimplices D'tinsideof Axd assigntoeachsimplex a coeffilientasfollows

simplices are indexedbyorderpreserving injections w ptg p x q
sincew is injeitive we know w101 10,0 and wptg pq

underthisstaircase Then define lpxlq 91ptw

p2,91 LookingforA'sin DxD

i
i i

i

i
i

Then124 is defined as 1A'witw w watw whereeach w isthe 3simplexdepictedaboverespectively

what istheboundaryof laxC Assign lexicographic ordertovertices totalorder
Relabel 10,0 0 10,1 1 1,0 2 hill to 3 12,01 4 12,1 5



Aw 245 04S 1052 O2Y

it intine iii
JWs I 35 035 0 I 5 O13

1275 OYS 0243 1235 t 023
135 O15 CO13

What is dlax1 thxdi d2 4 11214 fo271 foAxl t 12 113 Lax101

Dditai iia
Ii artisans antis it's t

So dlax1 thxdi 245 235 1045 Co15 CO233 013 I 3 5 02y d4x4

http ftp.tamap q xx C x Cali which is achain homotopy inverseof x

Strategy Againusing alydia
models define0onmodelsimplices InAn AnxD givenbydiagonal

inclusion

V WV

Reall in proof of x map itwas useful that inAxD D foralln
Here it willbe useful to have that I ICan a 0 forall k
This is notas trivial We need the followinglemma

Lemmy layhi models If XandYarecontractible spaces then Hn C X C Y I 410

Prof Wewish to construct a chain homotopy between thechain maps id id
and E E

where E is the augmentation map on C X which is 0 indeg 0 and C x
E C X

Enif toEnix
If wecanshowthis thenbecause homotopic chainmaps yield samemapson homology H CA CY
maybe

calculated viaExoE which is trivial except in degree0

Since Xis contractible theidentitymap is nullhomotopic callthisnullhomotopy F so fo id F exo
Weclaimthatthe identitychainmapinducedby id is chain homotopi totheaugmentation chainmapE
givenabove



Wecanthusview an nsimplex o A X as amapontheBarycentric toordinates to tn

the IIaregivenby I forth exoder
iii

to

444
CheckEitil It i t 1

Let's lookatanexample
Suppose r D X Then D Jr D Eph ri fi D ri

Reiallthat o isthe restriction of o to its ithfacewhich isopposite ofvertexEi
Henie of riceeyeCX

Weseethat this correspondstothepoint 10ItoIto in theoriginal 2simplex A
Similarly D o totta Ft o l to.tt FtColee It i1 Fotto0Eto

D 2 to.tta F r ItoEtoO

Ontheotherhand 21210to.tt El iiBloilto.tta
Dato

e e e to.tlta Daco
e e e totita Dato

e e e to.tlta

Daco
e e e to.tlta

Dolo 0totita D o toOtata Delo totOta D f to.tt01
FaCottotto Ftorlo.tt It FtottoOEt Fto olItoIto01
ottotita FtosloEtoEto FtottoOEt Fto olItoIto01

sinceFoid
Weseethat D Jr 2D o r so Dod doDa id
Moregenerally Dnof doDn id fornet
When n0 onecancheckthat 2D r x o so dDolo 5Xo r Elr

Thisshowsthat Dod toD idE so id E arechainhomotopic O

Wehavesuch a chainhomotopyforY too Wewishtocombinetheseinto a
chainhomotopyof idnoid and exoE

I



Define Q C X CY e C X Y na
a b DOECab f1 a id DCarob

ThenHQ QU a b doDElab filiallidD ab QIdab 11a'a2b
D Pla Ecb 1 taxDlb Qdab C1laQadb
JDDJ E a b id ADD2Carob
Kide e t id lide taxb

HQ Q2 idvoid ExoE O

Wearenowsettoactuallydefine ourdualchainmap

Step2 Define amap 0 GxxY X CAY suchthat

a onochain it isobvious
111,115,114 3

ii of God

iii naturality if f X X gY Y are continuousmaps
then

Giggly
f 9 of

proof
induction useofacyclicmodels

Case no is donebymapin i
Nowsuppose0CaXxY x Y hasbeen definedforchainsofdegKen1
Consider dn A DxD diagonal inclusion sodueC DxD
Againwe computetheformalboundary 8Old 012dm byproperty ii and0isdefinedforten1

Inland
Nowtherighthandsideisa cyclesince do012dm 0122dm 01010 Bythelemma weknowthatH.CCD Gd
fornelsince D iscontractible So Add eHnAnxD 0 for n 2 whathappensfornet
Thus 012dm istheboundary of some pe CID Calf n andwedefineOldn P
Moregenerally if r D Xxl isan nsimplex wehave For D X and Tyor D Y so
Txor x Tyor GAMD XY
thenas an nsimplex r isgiven by 4 00 xTyor ggypsyby

naturalitywehave06 flexorxTyor dn
xor Tyor Old

Similarcomputation asthatforx showsthat 2001670120 O
Lemmy xandO arechainhomotopyinverses
proof skipped

I.ITaisthg ysthomdfTFes and agilenoboundaries toboundaries
if daO 260thendlaxbaJaxb 11 a 260
ifdaO bae thenaxbdaxet axdefila'saxe

Thusx inducesa welldefinedmaponhomology



x HpX HqY Hp XY
r 0 T Ext independent ofchoirs forinstance if 5 differsfrom o bya boundary 28

then rx z o xt 282 2187 since 220

Nowwemayapplythis componentwise toptgtipx HqY HnXx What canwesayaboutthismap

Kunneth Algebraic LetR bea PID Rmodules Ciarefree thenforeach n I natural SES

0 Hic orHaik HCRC TorrHill Hai i C 0
which splits althoughnot naturally

Prof Speasefirst where boundarymapof Careall0
ThenHiC Ci AlsothenCpCi CpCq

since dcod citcode
Hence C C is thedirectsumofcomplexes Ci rC
Now Ci Chit it C Chi is G Chi andfora fixed i get Ci chit It c Chi

Thus HnCqc Ci Hnicc HiC Hn C

So Hn C EHnHCi C I HiC HmiC andsincefreemodulesareflat TorHill Hai C O t



Generalcase Let ZicCi Bi Ci denote kernel image of boundary hom forC
Obtain subchain complexes

Zn Zn
Bn Bn withtrivial boundarymaps boundaryofcycleisO boundary of

boundary is0
Get a SESofchain complexes O Z C d Bit O whichsplits sinceBit is asubmoduleofa

freeRmoduleovera PID
Becausethissplits tensorwith C andremains split

exact

O Z C C C Ba C 0
andfroma SESofchaincomplexes weknowwegeta longexactsequenceinhomology

Hat Ba C H Zac HnCod HnBa c Hn Z C

Theconnecting homomorphism is givenbylaidwhere cisthe
inclusion ofBiesZi

Bythespelialcase since Z B are trivialcomplexes weknow HnZ C I tfZi Hni C
HnBa C ABixHni i C

SoourLESofhomologybelomes

Iid z Hall Hn C
d
Bi Hni i C

whichyieldstheSES
O cokein Hak c kerning 0

NowCokerin Zi rHni C imin I DHiC Hni C sinie O Bit Zi HiC 0 exact

Bit Hnill Is ZiHaic H c nothin o e

It thatsufficestocompute herini
Bydefinition Torcompletes an exact sequence

Bitt Hni C Is ZiHaiC H c Haik O

toanexactsequence

0 TorrHice Haic Bitt Hni C Is ZiHni C Hic Haik 0

Sosummingover is Kerin QTarrHill Hni i Cl 0

Consequence
Topological Kenneth

Weshowed H XY I H.CCX Y
Thus overPID R wehave a natural SES

which splits nonnaturally

O HillR HaiYR H XYR QTorrHillR Hai YR1 0



CorollavyI If R is afield all R
modules arefree everyveltorsparehas a

basis so Tor vanishes obtain

desired isomorphism

Corollaryd If C is the chain complex O 0
Gi

then algebraicKinnethyields foreach n

O H X G H.CC G TorrHn C G 0

yieldingtheuniversal coefficient theoremforhomology
splitexalt


