K@tﬁ)lﬂ@ﬂﬂ %F’@i? m@UW@U@ Y

GO;Q\,'- uhAUS+m\.lin3, l\omo]oaa. O'P Produ.d‘ lF S‘[MCBS ‘ﬁbm -\']\dr iqal'\Mnm l\omo,oJieS.
Pk |2 CW Compleses
1% x‘e\l e CW w.fbxas, fhen X"i s a ) tvmf\ex st C:w(\p“)'; C:“’(X) @C:\‘(‘()
Note: peed 4o fint  define forsor proaluC’r F chain Complexes.

Gwen  chain W’lfbﬂs C od D’ can define. e fensor Pradv«(.\' ce D:= "EGZ(COD)" whe (C@'D),\ = P’(?’\ tp@ D'[

%
r%:n CP ® Dl - pt(?:n-l C’® Dt

é&(ﬂ®m =da®b * (-l)ra®3L.
'. Sl\mﬂ ‘l?;r't("\t '\’ﬂa‘\" é@ s aﬂu“,, .8 bmluvr Maf, -\‘\vx\‘ is, a;\:(]. Wo(ls ot bl aF signs‘.

Yo (e (ah)) = ), e b + (1)'a®db) = Fabb + ()" 3y 03} + () m0d *+ () ae ¥
=0.
To proe the thamem: 1ot foed b se dd XY s a4 W (‘""P'O" with N-cells can55s-]iq9 of e;“ﬂ e_':;i for g m X &
(’,;-} n Y. So neskeledn is (X"(),‘= U er\(t.

prg:o
To s ot CIOMY) 2 €KY 0 C0Y), defe  CHO0) *CH(Y) = ¢ (%)

elrel — elsel
NG oY)
: " . o o x
X is clearly bilwear, so sndues & L (X) ® C, (‘{) — C:"(Xx“
ez( ® C: A > ef « c:, Tnjediviy L sarectivity are clear.
d
wod o S Wt e collalor boanday wiap c” (X"“—’ C,f‘: (X"\‘) caichies Yo same Leibviz rule ps OB,
Bt is, d(€ixe) = delxep v @) el wdel fr pakt ol m CEU(XAY),

This is ol We bt hoo el k- cibed o Y £ expicty, bt At to undordand b o&he‘w'n,? map of e
pmeluér.



Padk 2: Cross Vet Map on Siaplr Chan Gompleses

When X&Y ae aot (W compleses, we coft have an obvims wap C.[X) 8C, () C (%),
(e olso dowt have on isemorghism angmo, bt we do hae & clwin bortopy equivalence)

We shad defe a cross prodact map (and Hhen o0 invepse mmy 0 C*.(X"ﬂ——-; C,,(X)@ C*( \{s)) e
xeb2ideyy) ad Box® iu\c‘[x)fau“ where  the bt equivdonts ae chain homopy equimionss e,
hew exicks sequence o maps £D,: C.\(Xt‘{)—acm OeN)Y  suh Aod Ded ¢ 3D, > id- xod

CalXA) = Con () (nd & Similar conshrughon for Box)-

Al 4

le (X"\D -B—) Cn (Xx\l)

Sinte  Chan hamo{-.r.r e(luivalur\‘ Chaia com'olcm hae isamorf)h:c \«wvwl:ﬁ, swh o Cshvuchion would induce

xR (XY) = H(CX) @ C.U\} for ol . ¥ &

ond then our task wadd e b andge e s»‘:vular Lﬂ"lvlv‘%r of C*OO ® C#“)l
(Nouo) question: T Ha(C,00) @ C, (1) ¥ B HOOOHEY 7 Well see lner that in gonerel, He wiwer is o)

M Debne  y: C,,(\Qx (J*[\{\—~—> C*(X*Y)
S ot
() ¥ is Z- bilinear ( hence oduces linear map CJX\

lii\ Louy\&afa, Mkf on C*(XKYB Cammutts uif“n 'H/\'ﬂ' of +m50f Pﬁdud', '\“Q-,

® C‘(‘B —_— Ck(XxY) l')j, wnivessml P,apu{; Y mo\’(
P (314

1) = daxb+ () axdb
(4 CroSs ue} s !-‘5\,“-1\.‘- T F:X-——)X’ y 1:\1_3\{' we maps, Q¢ CP(X)» be CQ(“, then

‘Fﬁ(ﬁ x ﬂ“[D T LFXQ)* (Mb) whele .[.‘,.} is Yhe owiesian Prwluﬂ' o
~— oy, o — XY
e (Y € Cm[X \O mﬂPS X X
€ CP(XIB ‘l(\f ) 'ﬁ\{\————-f
€ Cpnl'(X‘*\‘ I) ¢ CP+Z (X"Y 3



(i) normalizaion :

ﬂi\'t‘l\ xeX, as\{ (viewul s 0- sxl\oulqr simf\ioesB
defe \'\,‘.\‘""’X"\{ Ly X — %=y

Y (%9) x —> (x4) -

B e GO0, debne ol = (30, (). A GX), debre ax Cyim ()4 (a)
g-}\—,,v.:hi lie in S‘L\N\ol lie
C«l(xx\{) in CP(X"W)
Conshrackion: e onshudt $hic mop induckively on pHyen.
Wheo 0 o g weit dng Lp ) mimalizetime S () (0) 5 de
Supote pegel wf pOgel Define C(X) *C,(Y) 5> (oY)
ZaXi b= o (jx), (1)
? Dees the Jiﬂ‘uu\kn\ Sdifp\d/ Lcibvf\‘z? c,(x'.“l:) should i/\h’\-\ivd\ﬂ bo X x db, and hJeQA, J(X;‘M"J[(st)*(%
g

is & thaln mp, = X. . )
Commules w'r\'\nqr v b

Now sappsa o motp sad-isﬁair\? N =(v) s oatuced Br prg=n-L. boundary
We need 4o defne oxT ¢ CPHZ[X"“ br e G(X), Te C?(X\ sith prg=n.

Si"\'\\ﬂ!\t S‘\ﬂ{w W\AS Br P:l) Z::D

Qeca“" €e C‘,[Y) MeanS 6~ (s a [ineplf wLinA‘L’m o Sinoulor F-sim‘olfm on X, which are cm‘Hnm rM/K

fom the S'\nv\o\vlfol f- 5Mr>|ey A’-—»X \,,[d{,lm} loss o aa)eml we may osiume 6 ard T are themsehas

Sil\&;\lav Simf)\(ms (0 &:A'— X, T Ai__,y) ad then  extend He  cross P"”‘"“’} defintion Lilitar-ly..

v s Yem hee bo defe & xT as the cartesian Pmlut'\- exT: A' At — X=Y. But elemess of C‘mt (X"Y) are
© finear ombinadions of Maps Nl

XeY, ond whle ANxplz APt dortibonton of the wn.
Thws e need b uppu\ b anoher S*m}e;;.w e N=N 2 A7 thee Is a0 Canonica deqtification e

S*‘ﬂ*?{]}‘- Use /\&md%- We hae the P.s(n‘v)uhr si,nka lp: N—-sA e CP[AP) which @ 5';,»“0)”, the mlmHj
(e Simt\le LVL‘IQ {,T'At——)At, Nm = G"ﬂ(Cr) € C,(X) and T=s Ty ((‘l\ — s ¥ f@i‘?— -}uu}pkziml‘.
2
0 amap Cp(AF) —G[X)

bet nwlum\'r\tg Yols us Yhat ® we defne ([ xt

pxly o an clomed of Gup(A'<A"), Hhen T = T, (01,).

Carlesian rmduc’r of

‘“:AMPS tf:AP‘{—%X

and T: A" —>

Thus sulfices Yo debne ('PKLZ ! The trick hoe is b0 nolice Hhat AP A 5 otackble, hene has trivia) redued LomalW Jroups
(so al cycles are bounduies) .

Ne OIAH"IQ M quS b J“HIB l.rxl.z:
Mehod 1: Acqelic Madels

Tolpxly oo lobvel, we oo what ifs by shald be: d(Lr () dipx iy v C)! (adly
Note $hat the n'alrl— hond Sile is a well -defined  efement of C,,_,(A'xA’) by, +he nduckive lﬂf"he’;"



We an achally check thatr the rigkt hand side of “dllpxlg)" i a code: J(ok,,*bl +(-|)’L,,xd(1) =) (see abwe
Compiiafion for Yes0). Ths dipely + () Lpx dty s ell-def]  eloment of H (A'et)=0 #r n22

(and we e mssume 23 sae we explicily cndutred the bose aases of 2D, nel).

So dipely + () 1y ® diy s ochuly the bourdary of some element B e CEK), and we can dokine lpxly T be
dhis B. Noke thd thee is a ywn - canonical  Cheice Lein; made here, sine 'H\ema thee cadld be  severn) p v whid,
dp ges diprly ¢ f L x doy.

Now 6 T:= 7 T)yllrl) wd we iy Hhat the \omm-:lqrv- map wiorks a5 expeted

d(erT)= (1), (1 #L))
= (6+T) 4 u{‘r’@) (chain mops commde with bourdaries)

= (<7, u"f*(‘l + (Y Lpx Jl,()

= (D) (diprty) « 600 (6T), (1% dy) (nenity)

= G ldG) * Tyle) + [-|)"(s;[ () * Ty (J(D\ fnu’rwq\i’ra(hilr; *‘E C’;‘:e;:) prg=mh b?
= Al * Tally) « e)'s00) 5 T (t,) *

(chain s commae with boundaries)
:JQ_',QZ+[_()P6._XA[.U \ 'MP

Methal 3 Explicit Conshuctim via l’:"-lenh/r Zilber Chain (e o E-.lenwz £ MagLone, description agpons i 139 peper
l»‘, E‘.lenbera 2 Mowe).

Gool is 4 *rianaw\wlt e piem: Rad simplices N inside & Axpt wsig Yo each simplex a cefficieat as folws:
. sim';\\tes are. 'melech lrl onlet- p:esew'm;, M\‘Ied{ans w:[}n (l] -—)ij [z]
b sine w s inJec-\wg, we know w(0)= (0,)) and “’[P"Z):(Plf)‘

‘each w n be olgf)tc-leal @ a right-up Shiose i 0o, p) * (0,41, ond we defing AW) Yo be the aea

S R
e e |
0 ( a

(1) \V (2,0 () —
\No! / ¢
\\\\ \\% )\\

Then (a*0 i dofined as 2_(-()“"‘) w0, = W, -uy Wz whele eath w; s the 3~ simplex JEpif-’real abwe, respecjriuzlj.

(2, (i

What is dhe LalMJﬂ(ld’ of (;x(.‘ 7 Assisn |exicoﬂmfhic orAe( b vedices (total oruler\
Relolodl: (0,0 =0  [0,y—1 (1,0)—>2 (L) 3 (2,0)— Y Q,N—S5



’ 25 3 s L8 5
| sw)e [isl-[o45]+ [0as1- [02Y]
/| dwa)= [a38)-[035) + [pat)-[0a3]

a;’/~‘1 ) 4 A 4 doy= (1 35] - g3+ [p16] —(013)
\Y = 360 = dw, -dwy + Yuy

0 0 0 = @18) -0 ¥S) ~Fay]-[R3s)+ [0az)
W) Wy Wy +[|35]a[o)53‘[0|§]

What 35 Ay TR Y (T TR RO Py ETAR VI ETRC X TR AR (1

(ul\ () (o0 L[3,) (0,0 L1.)
I O —— L s —
_ 1 (X I () I W) 0o) o) &.0)
ORIV ) [0 (2,0) ) v
— —N— N (i -035] NUMLER
6,0, = @Q15)-@&3s] DA<= y1-[p; s  [l<b=[p 22]-r2]

in ver'h{(\ (abels above I
So d(y% *[;Kol(,*[a‘1§]-[9.3‘51'[0‘|5]*[0!51"[0&’ﬂ‘ﬂ)ls] 03 S1-Davls dlart)
V2

fack 3 Dol Pt
We need b define o mop e C*()(’\() — C;OQ ®C,,ﬁ) which i a chain Lomv'lam' wese of x.

5’”“*"'03‘ Aﬂm m\a' alyrke rodds = lohre. & on “modl smplices T dp K2 LN givon by Al‘“ﬂonul cluston.
Vs (v, ¥).

S

%)

Recall in an(“ F x may, T was \Lse&l Yot F\"(ArfAt)zo fr all n.
Hoe & wil b wehl % e et H(C.(A) ® G ()0 Br all k.

This is not ws Fivial' We neQJ the 6I|owin} lemma:
Jom: (ouclic models) T8 X ol Y e comhackble spaces, then HaC C(X) © C,11)) ¢ §° hio _
- J f Z =

Prag e wish o conshust & Chain lmma‘ro%, betweon the chain mags idoid ml EOE,
where € is the mgmen’mkon map on Cy(X) which s 0 i dea >0 and C,(x) £ C(X)

e —>3Inix,

T we can chow Hhis, then beawse hom otopic Chain ield same maps on homology —> H*(C..fX)@C.(‘f)
Mb\ld, Le Ca\cu\u-\-m) Via E®E ; which s *rivid\f exaqr\' lf:luplﬂr‘ge 0. afs vi )

Sace X is conmrackble, Yhe ltiﬂl\‘\\“’” map s nall homnia‘)ic; call this null humo’fvm f, F‘,eial, RS
We clam that the iJ.eﬂHﬂl choin map induced ""3 W is Chia hometopic do he quamen'lﬂim chain map €

gven e



Pecall: A= g’f.e.\ Z_i' |, k20)  whee E s Gr)st basis vechr of R™.
We can '\Mus view an n-simplex 6 £ =X os a map on the 6arﬂoen“nc coodwates (1,,....%.).

The faes of A are given 1:3

0 ‘FW I=0,--) @ A~
I sR
— verkies te| —m8 ™. A

het

Guon an n-sinplex & A'—>X, - dene Do) o ke the (1) -simplex D) (h,...Hon) = R (e, ... 5)
(Check: Z"’+ | = 2' r 4 t)=1)
Lets look af o exqm’:\e -

Suppase o:8—X. Thea 0,006)= D[ 2('3(‘7) Z(l) D(s
i=0

Qecall that & is the eshickm of 6 to s P fue, whith Ofpvs*e o wrex €. Hene o' s"[e. eﬂec\“)'
_“M\ D(ﬁ‘) i$ a mf A-—)X wL«:\A -\u‘es in H\Q Bw cer&hc chM"PS ‘]' \'a mJ Sfr\s ou\;' Eofsﬁ(&%‘?\\
We see Yhal dhis cor/esponoh b the P"i'\* [Ou y |+ in the mawd Q-Sfmf‘ex Aa.

Swn\af}a D ‘}ojf “') F ( |(\J“\' H;,\\ [e eﬂ(\hf \1;,\3 E'o(sh(li-':.',.oz %o\)
D(rl)“' 1 '\’;) F;(V i, |_ [)»

Thus: D.(ac‘“‘}oﬂl«i‘a) (ﬁ(lt \+\ F(“—(l-’ro "fv\) ) E;(r(*—' %‘o,m

(' 9,

On e ober bond, 3DENAL) = ST Die) (b4
i=0

=D
,_(0‘3 ‘te( e Cs] 'I'o + +J) = D (0"3 | e 'l'o {' *) + D;L(FS ‘ (+o,+u+3)

& (&6 €

- Dl(t) ‘ ( +o, "ut)

(ee, &)
= D) (0.4, 4%) - D) (4,04 &) D) +.,,* EATRMGI(%S + 1)

= F(G‘(‘\'o* *a.“ Fip(‘[o (-%o, l+8) 6-[“5 U 3) E (6"( =%, ‘*" )
= F(*o**a\) F(f[on‘o (:» ‘h; O_[H"o ”‘) F,‘(s'(‘_-\- ‘—t&"' )

since G=id-
e o St D03+ (D) = & s Dedwdelis id
More gonealy: 0,103 + 3oD=id o .

When n=), ore on ched that OD(E) * X, =5 s
This Shws Yhat Do+ D=id-£, so id £€ ore chain homohopic. o

3D, () = T-X = &-Els)

We b sih n choin honolyy B Y doo. Me ik o omne Hee o o chin bomckopy o doil o€



Defe  Q: (ClX)® G (C.0X) @ C1Y))
Qla8b)= DBE)oL) + ()™ (i[deD)(asb).

Then %R +Q% (amb) = 9 [DBE (28b) * )™ (4eD) (aoh)) * G da®b+ (0 a@al,)
= e (D) * (0™ 48D0) « G (hmeb)+ ()™ Glamal)
= 3D+ DY)®€ (aob) +  id®QD+D3) (wel)
=((d-8)ee + id ®(d-£)) (o8))

= 90+ Q% = ideid -£85. ©
We are now Set o adua\l, define our dual chain mqp!
Step &: Defire a map 9: GO\ —C(x)® COY) such dhat

() on () -chains @ is obvias 9(;,3)= XI@U—\L" -

N—-X
viewed s a
0-simplex L= X

() 300 - 03
(i) 'l!.h"_m\\il[}! it £ X—X, 'a'-\(-*\{' are  Conlinuts pS, then B o(‘{ia?ﬂ_ = (F‘ﬁ ‘3» o §
carfesion
produck

: induckon £ we of achln'c models
Case n=0 s done by map i (7).
Now suppose B: GX=Y)—> (C.[X) ® C,L1)), bos beon defbed i Chuins & deg kent
Consider  d,: A'— A" < al-'ajm\ intison (50 d, € C,.(A"xA"))_
Aaain we  Compute the  formal bw\d"z “% 0 - 9@}3} by propedty Lid, o § is defined fr kenel.

€ Coo (A1) .

Now the riak’r hand side is a ¢ycle since dp (L34 = 8(334.)= 8(0)=0. 9‘3 Yoo lemma, we know dhat u.(c, (e &) -0
for nal sae K'is onvachbe. S §(d,) € W, (£=8)=0 fr ned (ohat happess br wl?).
Thes  B(3da) is the bmulnv? of  sme Be (C*(A")G’C;[A"»,\, and e define B(d)=B.

More 3ema\\~d: F =Xy is an nesmglet, we hae o6 A=K ad myos: £—Y, o

(Tees = mpos), =, (A#A) — C.(X4).
Then o5 an a-ginflew, & is gen by (o6 x Tt\'or)*[;\,), s by mﬁum\i’rv we have 9[¢)=ﬂ((nxo€'x1'c\'o ), (0\'\)

LK) = (1,06, ® (7,0, ((4)

Simlar cmp’ﬁ}im os ot for x shows Hat O §(6)= 80%). o
ZMMM" xad & ae chain- kvmo'bm, jnverses-

Jeem (sipped)
WW&-@MHL“&% .
Pack ad chles ® hondaries o boundavies :

Noe: x fakes cycles @ cycles o cgcles
o it =0 £ bsf, then Olaxbl=darbe t-n)"'aelgllﬁo.
¢ =0 2 bedc, Hen axk=daxcs ardC=()7 d(axc)

Thus ¥ induces a wel\-defined map on homolog



[cl1e(t] — [6%T) (s.\alepecJa\’r of choies: for indance, ¥ & diffes fom & L” * Lﬂ""’l"’?] 2
then §xT- "xT= 3xT= E*T) gne OT0.)

Now we ma 'W)‘\a 'H«is Com‘)onerﬂ'—wise? '}D P’Gz’zn H’(X)QHl(Y) — HA{X,Y) - Wkt @n we yj aw 4his mﬁ/’7

(Kunneth - A]Jelm‘nc)‘ et £ e o PID, R-modules C; aie fice, then for eah n 3 nawal SES
O - @ H.(C) & Hn-i (Cl) _— H,‘(CG,;C') p— ® Torp_(H; (C.) H,..'.-|(C")) _’_"0

which splirs [q\-\hmj\ not narhmlly)-

v .
+ Sped Laundar of C e all 0. HC)2C. Als then C® — (e8¢,
M Yo cor fok hae "d‘a "t ©° The " since ;(ci!c'h Y :;oi-.

Hente COC' is he dhrect sum of cmplexes C.&C.
Nw) @ C',®C:,.;.n -'A—qa—b @Ci® C:'.-‘ —Iilia—? @C_;® C,:.;-. avul for & F\xea\ i, 33* C',® C;.:m Eﬂg C-.e C:\-'\.

Thes H,(CoCYE GO Ho(C) = Hi[C\ ® H,.(C).
S Ha(Cec)z H,(®Coc) ¢ ® H (YoM, (C') and sime fee modules ae £, Tor ({0, Hos (C))<0 Vs



Generd mse: Lot Z:cC & B, G dencte ke/ne.\&mve of \ammlar; hom, for C.
Obtwin  Sulochain Cam’ﬂexe:

- Zh_’ Zn«\—">

— Bn ——?BM — ... with $vivid bmmdwz Ma?s ( Wnda‘zmo:da?h lsis 0%, ’oaumdmy of

ber o SES of chain comp\exes 0— 2 —C RN Bu—0 bk spits  sine 81y is & sbmodule of a
{ree K—Mdale over a PID.

Bocasse. thts  splits, tersor wih C' oand remans splt exatk:
0— 2.8C — (eC—8.,0C—0
and fom o SES of Clhain complexes we know we get o lom’ exad sefuence in homelogy
o 8,,8C) — H(2.00) — Ru(CoC) —H,(8,,0C) — Hul28C) —

The connedin \NWIOWIPNSM s ?ww 17- 18id whae Cis Yhe ndusim of B;<—7Z.

91 Jhe Sf)edo\\ e, sine 2, 2 B, ae trivial Grplexes, we krow H,,(Z,‘@?C') ¥ é?) z 01, ()
Ho(8,6C) @ B0 Huin(C).

Se our LES of hom.,\ona, bewomes
'.‘L@:’A DZ,® Hea (L) d—'Hh(CQCW L ® B; ® M. () BN

which xdieltls Ye SES
0 — cokar 10— Ha(COC) — her iy —0.
im;‘ m {
Now Cokor in= ®F & W) /imia ¥ O RO HL(C)  sine 0 —> By —Z—RO—0 exad
= B ®HW(C) 22 Z el () —s H,(C) oH,C)—0 e

T¢ Yhws suffices o Compdt’fe kzr (pel.
B\J definikion, Tor Compk\'es o exact 327ue't€

Bi ®Hv\~i(-('w LN z.eH,; ) —s H. (C) eH,(C)—0
b o exatt sequﬂl(ﬂ
0— Tor (H: (O, H.H'(C'“ — B ® Has (C) oy z.oM,:(c") —> H. (C) sl (C)—0
So Sumit\% ovex |, ky et = (4;3 TOfp_(Hi(C\: H".i.|ccl)§ . a

Consellaence (-ﬁwlog‘fﬂ\ Kanneth)

We seudd 1 00Y) ¥ KGO O G
_nwu oNex Plbc 2, we W\\IQ a Vla‘l'ufal SEQ which s(l:’rs (Mn-m&waﬂa)l

0 — O H;(X;R) & HaiY; Ry — H. (XY, ) — ®. TW,_(H;(X; R), H,-;-\(Y;R\) — ).



Tor  vomishes, obtain

T R i a hed, al R-modules ave free (e\m}, vector space has & lmsis> S0

u a\esiwl " s WPLBM.

Coro\\nvﬁ 1t

-—-»0-%{6—, Hen alyelp(m'c ICanneth ljield_(, fo ead. n,
o{e]. 0

0 — HX) @6 —HCOG) — Ty (AL (0).6) —() (st end:

‘ofg“g(!a 30 IF C is the chain emplex —0) — ..

\a\el&u\a +he wiNﬂf.m] coolGicient Fhewem for Lmlyy



